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Fig. 1 Comparison of pressure coef� cient predictions for M6 Onera
wing at M1 = 0:84.

VI. Conclusion
The purpose of this study was to develop an eigensystem of the

inviscid � ux Jacobians that does not contain singularities and can
be used to compute � ows with � nite-rate chemistry using spatially
accurate methods. The eigensystemdeveloped is valid for both � ux
extrapolation and dependent-variable extrapolation, higher-order-
accurate extensions to the � ux vector-differencescheme developed
by Roe.
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Introduction

T HE study of vortex dynamics and stall associatedwith oscilla-
ting airfoils has been a topic of fundamental research in

the aerodynamics community for many years. The details of the
dynamic stall process1 strongly depend on the airfoil geometry,
the oscillation amplitude 1®, the maximum incidence ®max , and
the reduced frequency k .D ¼ f c=U1/, where f is the oscillation
frequency, c the airfoil chord, and U1 the freestream velocity.
McCroskey1 identi� ed two categoriesof dynamicstall, namely light
stall and deep stall. Light dynamic stall, which occurs at relatively
smaller values of k and moderate values of 1® and ®max, shares
many of the features of static stall but in addition results in large
hysteresis effects on aerodynamic loading. Deep dynamic stall, on
the other hand, is characterized primarily by the shedding of a dy-
namic stall vortex (DSV). This type of stall, which occurs at larger
values of k; 1®, and ®max , leads not only to large hysteresis loops
as in the light-stall case but also to very large variations in aerody-
namic loadingduring the oscillationcycle causedby the buildupand
shedding of the DSV. The present work was directed at the study
of airfoil oscillationat k D 0:05, under which conditions the � ow is
expected to be characterizedby light stall, in the sense just de� ned.

There have been several � ow-visualization studies reported on
the dynamic stall of oscillating airfoils. There are also extensive
data on surface pressureand aerodynamiccoef� cients for both light
and deep dynamic stall conditions. However, to the best of the au-
thors’ knowledge, there has been only one reported experiment2 in
which the instantaneousvelocity � eld was measured on an oscilla-
ting airfoil,using the techniqueof particle image velocimetry(PIV).
That experiment was performed at a high k value of about 0.2, at
which deep stall conditions were observed. The present work rep-
resents a complementary effort to obtain data under conditions of
light dynamic stall.

Description of the Experiment
This study was conducted in the large water channel facility at

WashingtonState University. This is the same facility in which ear-
lier dynamic stall studies have been performed in recent years. The
� ow facility is a 1 m wide £ 0.67 m deep (3 £ 2 ft) closed-loop
open surface water channel.A two-dimensionalNACA 0015 airfoil
of 300-mm (1-ft) chord and 600-mm (2-ft) span was mounted ver-
tically from a platform in such a way that, when rotated, the airfoil
would pitch about its quarter-chordaxis. The submerged end of the
airfoil was � tted with an end plate to reduce end effects. This � ow
facilityand experimentalarrangementhavebeenused extensivelyin
the past for the study of dynamic stall of airfoils pitchingat constant
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angularvelocity.For a moredetaileddescriptionof the experimental
setup, the reader is referred to Oshima and Ramaprian.3 The airfoil
was oscillatedin pitch sinusoidallyabout its quarter-chordaxis with
a mean angle of incidenceof 15 deg and an amplitude of 4 deg. The
oscillationfrequencycorrespondedto k D 0:05. The Reynolds num-
ber studied was 1:52 £ 105. Pressure and lift data are available for
the same airfoil geometry and oscillation conditionsbut at a higher
Reynolds number from the experiments of Piziali.4

The PIV technique selected for this study is a high-density,
double-exposure, direct autocorrelation method. The entire chan-
nel was seeded with 30-¹m resin particles. A dual-head, solid-state
Nd:YAG laser was used to illuminate the � ow� eld. The � ow� eld
images were captured on a 32-exposure � lm roll using a Nikon
F3 35-mm camera with an autoadvance attachment. The 32 pho-
tographs were evenly spaced at 0.5-deg intervals during one oscil-
lation cycle, starting at the mean incidence of 15 deg and pitching
up. To obtain a high spatial resolution, the leading-edge,midchord,
and trailing-edgeregionsof the airfoilwere photographedindividu-
ally (with a slight overlapbetweenadjacentregions) duringseparate
experimental realizations. The results were later assembled in the
analysis to obtain a compositepicture of the � ow� eld over the entire
airfoil.

The � lm was digitized at a resolution of 5200 pixels/in. The im-
age was partitioned into 400 elements of 256 £ 240 pixels, and the
two-dimensional autocorrelation was estimated for each element.
A peak detection and validation scheme was implemented using
the peak detection technique of O’Gorman and Sanderson5 to ob-
tain the average particle displacement vector over each element.
Further details of the PIV system and processing can be found in
Ref. 6.

The spatial resolutionof velocity was 0.023c in the streamwise x
direction and 0.017c in the cross-stream y direction. The temporal
resolution of the velocity � eld ranged from 2% of the oscillation
period at the mean angle of attack to 5.7% of the oscillation period
at the extreme ends of the oscillation cycle. The estimated exper-
imental uncertainties are as follows: velocity, §0:05U1 ; k, §2%;
and Reynolds number, 2%.

Results and Discussion
Figure 1 shows the instantaneous streamlines for a few typical

angles of incidence during the oscillation cycle. In the following
discussion, we will pre� x the angle of incidence with u to indi-
cate pitch up and with d to indicate pitch down. It is seen from
Fig. 1a that, just after the start of the pitch-upmotion (® D u12 deg),
a signi� cantly thick low-velocity layer (on the order of the airfoil
thickness) has formed in the aft third of the airfoil. Vorticity esti-

a) ® = u12.0 deg

b) ® = u16.0 deg

c) ® = u18.0 deg

d) ® = d19.0 deg

e) ® = d16.0 deg

f) ® = d12.0 deg

Fig. 1 Instantaneous streamlines during the oscillation cycle.

mates obtained from the velocitydistributionsshowed that vorticity
levels are signi� cant in this layer. Figures 1b and 1c show how this
vortical layer further grows as the airfoil is pitched up. In Fig. 1b
(® D u16 deg) � ow recirculation begins to appear near the trailing
edge. The vortical layer continues to grow and advance upstream
as the angle of incidence increases until at ® D u18 deg (Fig. 1c),
this thick viscous layer extends almost up to the pitching axis of
the airfoil located at the c=4 position. However, it is important to
note that, within the resolutionof the data, there is no evidence of a
leading-edgevortex (LEV) even at ® D u18:0 deg.

As the airfoil further decelerates toward the maximum angle of
incidence,the � ow� eld radicallychanges.Figure 1d shows the � ow-
� eld at the beginning of the pitch-down cycle (® D d19 deg). At
this point, the � ow� eld has separated from the airfoil surface at
the leading edge, and a very thick layer of very low velocity ex-
tends over the entire surface of the airfoil. This seems to be pri-
marily caused by the upstream advancement of the region of low
and reverse velocity initially formed at the trailing edge. This � ow
structure, which is often described as a shear-layer vortex (SLV),
is a characteristic feature of the NACA 0015 airfoil geometry. It
was observed in a similar incidence range even in the uniform-
pitching experiments of Oshima and Ramaprian3 on an identical
airfoil model. There is still no evidence of an LEV formation. As
the airfoil continues to pitch down, this region of separated � ow
is convected downstream and eventually shed. This is suggested
from Fig. 1e (® D d16 deg). During the shedding process, the � ow-
� eld associated with the SLV becomes highly disturbed. However,
the velocities within the vortex were found to be very small. In
fact, they were often below the resolution of the instrumentation.
Hence, unlike in the case of deep stall, where a highly vortical dy-
namic stall vortex is shed, the vorticity shed in the present case
is associated with the SLV and is quite small. Thus, the stall in the
presentcase can bedescribedas light.This scenariodiffers from that
characteristicof deep dynamic stall, i.e., the initial formation of an
LEV, its subsequentconsolidationinto a large DSV, and its eventual
shedding, observed in the uniform-pitchingexperiments of Oshima
and Ramaprian3 and the high-frequencyoscillation experiments of
Raffel.2

The � ow� eld after light stall remains disturbed for most of the
pitch-downpart of the cycle.However, the � ow patternwas found to
be fairly repeatable between realizations until ® »D d15:0 deg, sug-
gesting that the � ow� eld is reasonablyperiodic during this interval.
As the pitch down continues beyond d15:0 deg, the � ow begins
to reattach. This reattachment process was found to vary from one
realization to another, suggesting that the process is nonperiodic.
Such a lack of periodicity was also observed in the experiments
of Raffel.2 In the present experiments the periodicity is eventually
recovered when the reattachment process is complete. This occurs
at ® »D d12 deg, as seen from Fig. 1f. The � ow remains attached for
the remainder of the pitch-downcycle, after which a new oscillation
cycle starts.

Another important feature of the � ow over an oscillatingairfoil is
the phenomenonof hysteresis, i.e., a lack of symmetry between the
pitch-upand pitch-downparts of the cycle.This leads to a hysteresis
loop in the lift-vs-incidence curve that has been observed in all
of the experiments on oscillating airfoils. This can also be seen
from Figs. 2a–2d, which show the variation of the thickness of
the vortical layer at four different chordwise locations during the
oscillationcycle. For this purpose, the thicknessof the vortical layer
at any longitudinal station on the airfoil was de� ned (arbitrarily)
as the thickness where the vorticity has dropped to 10% of the
maximum vorticity at that station. Filled symbols in Figs. 2a–2d
indicate pitch-up motion, and open symbols indicate pitch-down
motion.

At the x=c D 0:20 station (Fig. 2a), the vortical layer remains
very thin for most of the pitch-up portion of the oscillation cycle.
During the pitch-down part of the cycle, the vortical layer thickness
increasesto 10% of the chordand then returns to the initial thickness
at d13.0 deg, resulting in the characteristic thumb-shaped hystere-
sis loop. There is more activity in the growth of the vortical layer
at x=c D 0:36 (Fig. 2b). At this station, the vortical layer starts out
slightly thicker, increases gradually to 8% of the chord at u18.deg,
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a) x/c = 0:20

b) x/c = 0:36

c) x/c = 0:52

d) x/c = 0:84

Fig. 2 Variation of the vortical layer thickness during the oscillation
cycle: Filled symbols denote pitch up, and open symbols denote pitch
down.

and then jumps to 25%of the chordat u18.5deg. This correspondsto
the arrival of the reversed-�ow region (SLV) in its upstream move-
ment along the airfoil surface. The results at x=c D 0:52 and 0.84
(Figs. 2c and 2d) show a similar trend, differing only in the timing
of the events. In each case, the initial viscous layer,which is already
quite thick, further thickensas the incidence increases to u18.0 deg.
At this point it is no longer possible to de� ne a vortical layer thick-
ness because the boundary of the vortical layer has moved outside
the visualization � eld. In each case, during the downward pitching
phaseof the oscillation,the � ow recovers, completing the hysteresis
loop, even though only a part of the thumb curve lies within the � eld
of vision.

Conclusions
The present investigation of the oscillating airfoil showed that,

under the operating conditions studied, the airfoil undergoes light
dynamic stall. This stall process is characterizedby the formation,
growth, and upstream movement of a vortical layer in the aft region
of the airfoil, leading to large-scale � ow separation and eventual
shedding of a weak vortex, the so-called SLV. No LEV formation
or the scenario associated with deep stall was observed during the
pitch-up motion. The initiation of the stall process from the trailing
edge is believedto be characteristicof theNACA 0015airfoilsection
tested. The experiments also indicated strong hysteresis effects in
the � ow evolution. The present velocity data are consistent with
pressure and lift measurements on oscillating NACA 0015 airfoils
reported in the literature.
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Introduction

I NVESTIGATIONS pertaining to the effect of transverse shear/
normal deformation on the large-de�ection behavior of moder-

ately thick shells appear to be absent in the literature,although such
an effect has been thoroughly investigated in the small-de�ection
regime (see, e.g., Ref. 1). The primary objective of the present re-
searchis to investigatethoroughlythecombinedeffectsof geometric
nonlinearity and transverse shear/normal deformation on the large
elastic deformation behavior of moderately thick shells and panels
of � nite dimensions. Second, the question of what the Kirchhoff
hypothesis means in the nonlinear regime still remains unsettled.
Obviously, it cannot be the same as its linear counterpart.This trig-
gered our interest in developing the fully nonlinear kinematic for-
mulation for moderately thick shells as opposed to its von Kármán
counterpart.

The present analysis accounts for all of the nonlinear terms in the
kinematic relationsand utilizes the total Lagrangianformulationsin
incremental equilibrium equations. A nonlinear, moderately thick
shell, � nite element methodology is developed to obtain the dis-
cretized system equations. The element is capable of accurately
modeling the curved geometry of a shell, taking advantage of a
tensorial formulation that uses the surface-parallelcurvilinearcoor-
dinates of non-Euclideangeometry. The present nonlinear � nite el-
ement solution methodology is based on a quasi-three-dimensional
hypothesisknown as lineardisplacementdistributionthroughthick-
ness (LDT) theory.2 A curvilinear-side, 24-node element with 12
nodes on each of the top and bottom surfaces of a shell is imple-
mented to model the quasi-three-dimensional interlaminar defor-
mation behavior represented by the LDT. The Broyden–Fletcher–
Goldfarb–Shanno (BFGS) iterative scheme3 is used to solve the
resulting nonlinear equations. A thin/shallow clamped cylindrical
panel is investigated to test the convergence of the present element
and to compare the present solution with the available numerical
results. The convergence rate of the present serendipity-typecubic
element is compared with that of its quadratic counterpart. Addi-
tionally,numericalresultsfor shallowclampedcylindricalpanelsare
presented to provide new insights into certain interesting deforma-
tion behaviors of thick and thin homogeneous isotropic cylindrical
panels in the advanced nonlinear regimes. The relative (to linear)
nonlinear membrane-to-sheareffect, de� ned as the ratio of normal-
ized de� ections computed using the nonlinear and linear analyses,
studiedhere for the � rst time, shedsnew light on the relative roles of
transverseshear/normaldeformationand surfaceparallelmembrane
effects in thin to thick shell regimes.

Isoparametric Finite Element Discretization
The convected coordinates of a generic point (x1, x2 , z) in an

element with 12 nodal points on each of the top and bottom surfaces
are, in terms of the natural coordinates r; s given by

x j .r; s; z/ D 1 ¡
z
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12
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for j D 1; 2 (1a)
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